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GAUSS MAP 
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GRUSHEVSKY, SARA PERNA, AND RICCARDO SALVATI MANNI 


Abstract. We use the gradients of theta functions at odd two- 
torsion points — thought of as vector-valued modular forms — 
to construct holomorphic differential forms on the moduli space of 
principally polarized abelian varieties, and to characterize the locus 
of decomposable abelian varieties in terms of the Gauss images of 
two-torsion points. 


Introduction 

The geometry of Siegel modular varieties — the quotients of the 
Siegel upper half-space Tig by discrete groups — has been under intense 
investigation for the last forty years, with various results about their bi- 
rational geometry, compactihcations, and other properties. Some of the 
hrst results in this direction are due to Freitag, who in [Fre75al IFre75b] 
showed that some Siegel modular varieties are not unirational by con¬ 
structing non-zero differential forms on them. This proof requires two 
ingredients: suitably compactifying the variety and arguing that the 
differential form extends, and actually constructing the differential 
forms. Freitag proved the appropriate general extension result for dif¬ 
ferential forms. Thanks to [AMRTIO] and |Tai82] and much subsequent 
work the theory of compactihcations of locally symmetric domains and 
the extension of differential forms is now well-known in full generality. 

In this paper we focus on the original problem of constructing dif¬ 
ferential forms on Siegel modular varieties. We recall that differential 
forms on Siegel modular varieties can be constructed from suitable 
vector-valued modular forms. In general vector-valued modular forms 
can be dehned by theta series with pluriharmonic coefficients, but in 
general the question of whether the series thus constructed are iden¬ 
tically zero is very complicated. General results on the existence and 
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non-vanishing of holomorphic differential forms can be found in |Wei83] 
and |Wei87j . In connection with the possibility of finding special divi¬ 
sors in the Siegel modular varieties in the sense of Weissauer |Wei87] 
we will restrict our attention to non-zero differential forms of degree 
one less than the top. 

Freitag in |Fre78] constructed such forms on Ag foYg = l (mod 8), 
for S' > 17, while the fifth author in |SM87] gave a completely different 
construction for g = 1 (mod 4), s 7 ^ 1, 5,13. In this paper we present 
an easier and more natural method of constructing such differentials 
forms, providing also a natural bridge between methods of [Fre78j and 
|SM87j . Our tools will be the gradients of theta functions and ex¬ 
pressions in terms of them considered by the third and hfth author in 
|GSM04i iGSMOGj . Our result is the following. 

Denote by d := the matrix of partial derivatives with 

respect to r. Let /, h be two scalar modular forms of the same weight 
for some modular group F acting on Tig. Then A := h‘^d{f/h) is a 
matrix-valued modular form. Denote by the adjoint matrix of A 

(the transpose of the matrix of cofactors), and denote by dfij the wedge 
product of all drab ior 1 < a < b < g except dTij, with the suitable 
sign. Denote by df the matrix of all dfij. Then 

Theorem 1. Let g > 2, let f := 0[e:](r) and h := 0[(5]('r) be second 
order theta constants. Then the modular form constructed as above, 

00 := Tr«,df) 

is a non-zero holomorphic differential form on Ag{T) := 'Hg/T in degree 
one less than the top (i.e. of degree g{g l)/2 — 1). Here for g odd 

we have F = Fg(2,4), while for g even it is an index two subgroup 

r;(2,4)cr,(2,4). 

In what follows we will discuss the relation of special cases of this 
construction to those of Freitag |Fre75b] and the hfth author |SM87] . 
In a related direction, we revisit the method of constructing vector¬ 
valued modular forms using gradients of odd theta functions with half 
integral characteristics. Recall that the gradients at 2 ; = 0 of odd 
theta functions with half integral characteristic can be thought of as 
the images of two-torsion points that are smooth points of the theta 
divisor under the Gauss map. In this direction, we obtain an analytic 
proof of the following geometric statement. 

Theorem 2. A principally polarized abelian variety is decomposable 
(i.e. is a product of lower-dimensional ones) if and only if the images 
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under the Gauss map of all smooth two-torsion points in the theta di¬ 
visor lie on a quadric in 

The structure of the paper is as follows. In section 1 we recall some 
basic facts about theta functions and vector-valued modular forms. In 
section 2 we collect several results about gradients of odd theta func¬ 
tions. In section 3 we prove Theorem [2l In section 4 we recall and 
improve results of Freitag and the hfth author about holomorphic dif¬ 
ferential forms on the Siegel varieties. Finally, in section 5 we prove 
theorem [T] and explain the relation among the approaches to construct¬ 
ing differential forms on Siegel modular varieties. 
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1. Definitions and notation 

We use the standard dehnitions and notation in working with com¬ 
plex principally polarized abelian varieties (ppav), as used in |GSM04j . 
which we now quickly summarize. 

1.1. Siegel modular forms. Let Hg be the Siegel upper-half-space of 
degree g, namely the space of g x g complex symmetric matrices with 
positive dehnite imaginary part. The symplectic group Sp( 25 f,R) acts 
transitively on 'Hg as 

■ T = {AtB){CtD)~^ where 7 = 

where A, R, G, D are the g x g blocks of the matrix 7 . We will keep 
this block notation for a symplectic matrix throughout the paper. 

The Siegel modular group is F^ := Sp( 25 f,Z). The principal congru¬ 
ence subgroup of level n G N is dehned as: 

TgW := {7 e Fg I 7 = lag mod n} . 

A subgroup of hnite index in Fg is called a congruence subgroup of level 
n if it contains Fg(? 7 ,). Notice that if 5 ^ > 1 every subgroup of hnite index 
is a congruence subgroup. The Siegel modular varieties obtained by 
taking the quotients with respect to the action of congruence subgroups 
are of central importance in the theory of principally polarized abelian 
varieties (ppav), as they dehne moduli spaces of ppav with suitable 
level structures. 


A B\ 

c d)^ 
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More precisely, an element r G l-ig defines the complex abelian va¬ 
riety Xj. := /IJi + rZ^, hence r is usually called a period matrix of 
the abelian variety X^-. The quotient of l-ig by the action of the Siegel 
modular group is classically known to be the moduli space of ppav: 

Ag := Hg/Tg. 

We will use the so-called theta groups, which are congruence sub¬ 
groups of level 2n dehned as 

Tg{n, 2n) := {7 G rg(? 7 ,) | diag(A*i?) = diag{C^D) = 0 mod 2n} , 

and will also need the level 4 congruence subgroup 

(1) r;(2,4) := {7 G r,(2,4) | Tr(Al - 1,) ^ 0mod4} , 

which is of index 2 in rc,(2,4). From now on, we will assume g > 1 
and denote by F an arbitrary congruence subgroup of F^. We denote 
N := g{g + l)/2, so that M,g(F) := Hg/T is a complex Wdimensional 
orbifold. 

Let p : GL( 5 f,C) —?• End(ld) be an irreducible hnite-dimensional 
rational representation; such representations are characterized by their 
highest weight (Ai, A 2 ,..., Xg) G Z^, with Ai > ■ • • > A^. It will also be 
convenient for us to allow half-integer weights, which means to consider 
also det^'^^ for a representation p' with integer weight. Let then 
[F,p] be the space of holomorphic functions / ; Hg —)■ Vp satisfying: 

[T,p]:={f:ng^Vp I /( 7 -r)=p(C'r+D)/(r), V 7 G F,Vr G 

Such a function / is called a vector-valued modular form or p-valued 
modular form with respect to the representation p = (Ai, A 2 ,..., A^) 
and the group F. We call Xg the weight of the vector-valued modular 
form /. 

Since Hg is contractible, a p-valued modular form is a holomorphic 
section of a corresponding vector bundle on Alg(F). Denoting by E 
the rank g vector bundle over Ag whose hber over A is the space 
sections of E are modular forms for the standard repre¬ 
sentation of GL( 5 f, C) on and for the group F^. 

More generally it is possible to dehne a vector-valued modular form 
with a multiplier system for this kind of representation, see [FreQlj for 
details. We will make use of them if necessary. 

1.2. Theta functions. Many examples of modular forms can be con¬ 
structed by means of the so-called theta functions. Denote by F 2 = 
Z/2Z. For £, 5 G Ff the theta function with characteristic m = [e, <5] is 
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the holomorphic function 9m '■ Hg x C® —)■ C defined by the series: 


9m{T, Z) 



^ni[(p+e/2YT{p+e/2)+2{p+e/2)^{z+5/2)] 


P&9 


We shall write 0 [|] (r, 2 ;) for Omij, z) if we need to emphasize the de¬ 
pendence on the characteristics. The characteristic m is called even or 
odd depending on whether the scalar product e • 5 G F 2 is zero or one, 
and the corresponding theta function is even or odd in respectively. 
The number of even (resp. odd) theta characteristics is 2®“^ (2® -|- 1) 
(resp. 2^“^(2® — 1)). Furthermore, theta functions with characteristics 
are solutions of the heat equation: 


( 2 ) 




dzidzj 


d 

9m{T,z) = 27ri(l Sij)-^9m{T,z), 1 < i,j < g. 


For (T G Ff the corresponding theta function of second order is de- 
hned as 


0[a](r,z) := 9 


(2r,2z). 


A theta constant is the evaluation at z = 0 of a theta function. 
Throughout the paper we will drop the argument ^ = 0 in the no¬ 
tation for theta constants. All odd theta constants with characteristics 
vanish identically in r, as the corresponding theta functions are odd 
functions of z, and thus there are 2 ^“^ ( 2 ^ -|- 1 ) non-trivial theta con¬ 
stants. All the 2^ second order theta functions are even in z, so there 
are 2 ^ theta constants of the second order. 

As far as we are concerned, we will focus on the behaviour of the 
theta constants under the action of subgroups of Fg(2). By |Igu72| , we 
have the following transformation formula: 


( 3 ) 9m{l ■ t) = det {Ct + Df^ 9 m{T) V7 G F3(2), 


where 

= -he^B^De + 8^A^C5 - 2e^B^CS) + ^ diag{A*B)\De - CS) 
8 4 

and ^( 7 ) is an 8 *^ root of unity, with the same sign ambiguity as 

det (Ct + . 

Regarding second order theta constants, we will focus on the action 
of subgroups of Fg(2,4). For every 7 G Fg(2,4) let 7 G Fg be such 
that 2(7 ■ r) = 7 • (2r), that is 7 = (d /2 if) Hence, applying the 
transformation rule ([ 3 ]) to the second order theta constants we get: 

(4) 0 [(t ](7 • r) = «:( 7 ) det(C'r-F T))H 20 [cr]( 7 -)^ V7GFg(2,4). 
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The second order theta constants are then modular forms of weight 
one half with respect to the congruence subgroup Tg{2, 4) and ^ 0 ( 7 ) := 
^( 7 ) is a fourth root of unity. For a fixed r G Hg, the abelian variety 
Xj. comes with a principal polarization given by its theta divisor 0 ^-, 
namely the zero locus of the holomorphic function 9q{t,z). One can 
identify, even though in a non-canonical way, the characteristic m = 
[e:, 5] G Ff with the two-torsion point Xm = + <^)/2 on the ppav Xr. 

To this divisor we associate the symmetric line bundle C = Ox^{Qt) 
and the theta functions with characteristic m is, up to a constant factor, 
the unique section of the line bundle t*^C. A two-torsion point Xm is 
called even/odd depending on whether the characteristic m is even or 
odd. Denoting by Xt\2] the set of two-torsion points, note that for 
any Xm ^ Xr[2] we have ~ Thus squares 

of theta functions with characteristics can be expressed in terms of a 
basis of sections, given by theta functions of the second order. The 
explicit formula is Riemann’s bilinear relation: 

(5) 0[|](r,z)2= ^(-l)'^-^0[cr + £](r,z)0[cr](r,O) 

o-eFf 

Similarly, for every a, e ^¥2 the following relation holds: 

(6) e|a](r)ela + ^](r) = l ^ (-l)-«|;|(r7 

o-G(Z/2Z)9 

It is easily seen that the character Vq is trivial precisely on the subgroup 

r;(2,4)cr,(2,4). 

As we are interested in the characterization of the locus of decom¬ 
posable abelian varieties we need to recall the following analytic char¬ 
acterization: 


Theorem 3 1 |Sas83j . |SM94j ). A ppav is indecomposable (that is, is not 
equal to a product of lower-dimensional ppav) if and only if the matrix 

A. e|£| .\ 

::: shew::: ::: 

V. 

(with entries taken for all £ G Ff and for all 1 < i < j < g) has 
maximal rank, i.e. rank Si3+}f, _|_ 

We recall also that taking the gradient with respect to 2 ; of the holo¬ 
morphic function 6q{t,z), we get the Gauss map 

G : Qr —^ 
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defined on the smooth locus of the theta divisor 0,- C X^. The Gauss 
map is dominant if and only if the ppav (X,-, 0,-) is indecomposable 
(i.e. is not a product of lower-dimensional ppav). 

We will also have to deal with indexing by subsets of the coordinates, 
and £x notation for this now. For any set X, we denote by P{X) 
the collection of all its subsets, and by Pk{X) the collection of all its 
subsets of cardinality k. If X C Z, we can view it as an order (i.e. as a 
set ordered increasingly), and denote by P^iX) C P*(X) respectively 
the collection of its sub-orders (i.e. increasingly ordered subsets). If 
/ G Pfc(X) we denote by P its complementary set thought of as an 
ordered set. Finally, we denote Xg := {!,...,^f}, thought of as an 
ordered set. 


2. Gradients oe theta functions 

In |GSMn4j gradients of theta functions are used to study the geo¬ 
metry of the moduli space of principally polarized abelian varieties — 
this study was further continued in |GSM05( IGSM06( IGSM09( IGH12( 
IGHll] . Indeed, for any odd m the gradient 

(7) v^{t) ■.= grad^ Omir, z)\ 

is a not identically zero vector-valued modular form for the group 
Fg(4,8) for the representation det®^'^^ ®std, where std is the standard 
representation of GL( 5 f,C) on O. We have 

Vm G i/°(^3(4,8),detE®^/2^E). 

In |GSM04j it is shown that in fact the set of gradients of theta func¬ 
tions for all odd m dehnes a generically injective map of ^^(4, 8 ) to the 
set of 5 ^ X 2^“^ (2^ — 1) complex matrices (and in fact to the correspond¬ 
ing Grassmannian), providing a weaker analog for ppav of a result of 
Gaporaso and Sernesi |GS03b( IGS03aj characterizing a generic curve by 
its bitangents or theta hyperplanes. 

For £, 5 G Ff dehne the g x g symmetric matrix Css{t) with entries 

(8) C,s,ij{T) := 29^,0 [f](r,0)a^P [f](r,0), 

where 9,. := 7 ^. Notice that C^s = 2vPi'U\e]. Moreover, dehne the 
dzi ea [I] ’ 

g X g symmetric matrix with entries 

(9) Ae5,ij{r) := {d,,d,.Q[6]{T)) 0[£](r) - {d,,dzjQ[e]{T)) 0[(5](r). 

In the current paper it will be convenient also to write C^s and as 
column vectors of size N = g{g + l)/2, which we will denote and 

respectively. 
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Because of the modularity of the gradients of odd theta functions, 
both and are vector-valued modular forms with respect to the 
group rg(4, 8) (a more careful analysis of the transformation formula 
in fact shows that it is modular with respect to r*(2,4)) for the repre¬ 
sentation det ® Sym^(std) — that is, with highest weight (3,1,..., 1). 

Using the fact that both theta functions with characteristic and theta 
functions of the second order satisfy the heat equation ([2]) one can 
express in terms of derivatives of second order theta constants, and 
vice versa. 

Lemma 4 f |GSM04] i. We have the following identities of vector-valued 
modular forms: 

( 10 ) = 

(11) = ^ (-1)“-Vri. 

{(SgFj I [e,(5] odd} 

Of course we have the same identities relating and Ces- 

3. Characterization of decomposable ppav 

We are now ready to prove our hrst result, on the characterization of 
decomposable ppav. Indeed, recall that if r = ( ^ 2 )’ Xj G 'Hg^, 

for gi + g 2 = g, then the theta function with characteristic splits as a 
product 

0m{T,z) = ■ 61^2 (^ 2 , 2 : 2 ) , 

where Zi G and we have written m as mi m 2 , with m* G 
Computing the partial derivatives and evaluating at zero we get 

Vm{T) = (^nmi(Ti) ' (^'2, 0), 6'^i(ri,0) •nm2(n2))- 

Since m is odd, it follows that precisely one of mi and m 2 is odd, 
and thus only the corresponding g^ entries of the gradient vector are 
non-zero. Thus if we arrange the gradients for all odd m in a matrix, 
it will have a block form, with the two non-zero blocks of sizes gi x 
— 1 )^ and two “off-diagonal” zero blocks. This is simply to say 
that the set of gradients of all odd theta functions at a point r as above 
lies in the product of coordinate linear spaces U C C^. Since 
grad,j Omij, z)\z=o and grad^ 9q{t, z)\z=m differ by a constant factor and 
thus give the same point in this implies that the images of all 





VECTOR-VALUED MODULAR FORMS AND THE GAUSS MAP 


9 


the smooth two-torsion points of Q-r under the Gauss map lie on ^ 2^2 
reducible quadrics in written explicitly as 

XiXj = 0, VI < i < ffi < J < ff. 

This is equivalent to these Gauss images all lying on a union of two 
hyperplanes, and a weaker condition is that they all he on some quadric 
(not necessarily a reducible one). We now show that this weak condi¬ 
tion is enough to characterize the locus of decomposable ppav, proving 
one of our two main results. 

Proof of theorem [2l The discussion above proves that for a decom¬ 
posable ppav with a period matrix r = ("o ^ 2 ) the images of all the 
odd two-torsion points he on a quadric. In general if a ppav is decom¬ 
posable, its period matrix does not need to have this block shape, and 
would rather be conjugate to it under Fg. Since Vmir) are vector-valued 
modular forms for the representation det^'^^ Gistd, they transform lin¬ 
early under the group action, and hence the condition that the images 
of the odd two-torsion points under the Gauss map lie on a quadric is 
preserved under the action of Tg. Thus for any decomposable ppav the 
images of all smooth two-torsion points lying on 0,- are contained in 
(many) quadrics. 

For the other direction of the theorem we manipulate the gradients 
to reduce to the characterization of the locus of decomposable ppav 
given by theorem [31 Indeed, suppose all images of the odd two-torsion 
points m lie on a quadric with homogenous equation Q{xi,, Xg): this 
is to say that 

Qivm) = = 0 

for all odd m G Wt-[ 2] that are smooth points of ©r (where we have 
denoted by B the matrix of coefficients of Q). We thus have 

i:i{vl^BVm) = "FriBVmVln) = "F^{BCm) = 0 

for all odd m (if m G SingX,-, then Vm = 0, so Cm = 0, and this still 
holds). Since by fITTD each is a linear combination of the G^’s, it 
follows that we also have 

Tr(BAa/3) = 0 

for all a,/3, and in particular this implies that the matrix 
(12) A ;= (AQ^)Q,^^g]p9, 

where each Aq,^ is a column-vector in -g (jegenerate. The fol¬ 

lowing lemma in linear algebra shows that this implies that the matrix 
M(r) in theorem [3] is degenerate, and thus that X^ is decomposable — 
completing the proof of the theorem. □ 


IDALLA PIAZZA, FIORENTINO, GRUSHEVSKY, PERNA, AND SALVATI MANNI 

Lemma 5. The x — 1) matrix A(r) in ffT^ has rank 

less than sisTTl non-maximal) if and only if the matrix M{t) has 
non-maximal rank. 

Proof. For 1 < i < j < S', we denote Mij and Aj^, correspondingly, the 
(z, j) rows of the matrices M{t) and A(r), and denote Mq the first row 
of M{t) (the vector of second order theta constants). We then have 

Mo A Mij = Aij 

where by the wedge we mean taking the row vector whose entries are 
all two by two minors of the matrix formed by two row vectors Mq and 
Mij. If the vectors are linearly dependent, this means we have 
some linear relation 0 = among the rows of A(r), which is 

eqnivalent to 

0 = ^ ap (Mo A Mij) = Mo A | ^ a^My j 

\ / 

and thus Mo must be proportional to Y o-ijMij, so that the matrix M 
does not have maximal rank. □ 

Remark 6. The proof above shows that in fact a quadric in 
contains the Gauss images of the two-torsion points on the theta divisor 
if and only if it contains the entire image of the Gauss map. 

4. Review of constructions of holomorphic differential 
FORMS on Siegel modular varieties in |Fre75al ISM87j 

For a finite index subgroup F C F^ we denote, as before, Ag(F) := 
PLg/T, and we are then interested in constructing non-zero degree k 
differential forms on it, that is elements of G^(Ag(F)). It is known that 
for g >2: 

= n\ng)^, 

where is the vector space of elements of VL^ifHg) invariant un¬ 

der the action of F. Whenever k < N = g{g -|- l)/2 and g > 2, such 
holomorphic differential forms always extend. More precisely, if PL^/T 
is the set of regular points of Pig/T, and X denotes the desingular- 
ization of the Satake compactification of Pig/T, which contains Pi^g/T 
as an embedded open set, then every holomorphic differential form 
oj G OfiPtyV) of degree k < N extends to X (see |FP82] b 

Holomorphic differential forms can thus also be thought as vector¬ 
valued modular forms for a suitable representation. We have the fol¬ 
lowing fundamental result of Weissauer: 
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Theorem 7 ( |Wei83] ). The space f2^(^g(r)) is zero unless k = ga — 
a{a — l)/2 for some 0 < a < g, in which case 

(13) = 

is the space of vector-valued modular forms for the representation of 
GL( 5 f, C) with highest weight {g + 1,... ,g + l,a,... ,a), with a appear¬ 
ing g — a times. 

The case fc = iV — 1, corresponding to the representation pg_i with 
highest weight {g + , g + g — 1), turns out to be of great inter¬ 

est, as it is related to the construction of special divisors on the Satake 
compactihcation of Siegel modular varieties. Indeed, Weissauer |Wei87j 
proved that the zero locus of a modular form h on the Satake com¬ 
pactihcation of ^g(r) is a special divisor if and only if there exists a 
non vanishing u G such that Tr(a;(r)(lT-h(r)) is identically 

zero on D^. Moreover, using theta series with pluriharmonic coeffi¬ 
cients, Weissauer [Wei87] proved that for any g the space 
is non-zero for a suitable T. Such forms can be constructed as follows 

dfij = ± f\ dThk, 

where the sign is chosen in such a way that dfij A dvij = Ai<j<j<g 
see |Fre78j . Then we have 

(14) uj = Ti{A{T)df) = ^ Aij{T)dfij, 

1<*J<9 

with 

(15) kl (7 • r) = det(C'r + {Ct + D)-^A{t){Ct + D)-\ 

In [Fre75aj Freitag provides a method to construct holomorphic differ¬ 
ential {N — l)-forms in genus g^ invariant with respect to any subgroup 
F of hnite index of the symplectic group F^ starting from two scalar 
valued modular forms in genus g, both of weight We briehy re¬ 
call this construction and slightly improve his result. To simplify the 
notation, we set 

( 16 ) S., = A + A' ® ■= 

For any I, J ^ Pk{Xg) with 0 < A; < we denote by dj the submatrix 
of d obtained by taking the rows corresponding to the elements in I 
and the columns corresponding to the elements in J: 

dj = (Ai)ie/ 

3&J 
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and consequently by |c?j| the determinant of such submatrix, namely 
|9j| = det(9j). For fc = 0, we set both dj and |9j| to be the identity 
operator. 

Then for any congruence subgroup F, Freitag [Fre75aj dehnes the 
linear pairing { , } by 

{ , }: [r, (9 -1)/2| X |r, (9 -1)/2| ^ sj«-‘(A(r)) 

(/. fc) {/. h] := Tr (B(T)df ), 

where 

B{t)., := (- 1 )‘+^ ^ 5 ^ s(/)s(J) |a'| /(t) P',:| ft(r), 

fc = 0 V fc j I&P^{Xg\{i}) 
j^^ptiXgxm 

and s(/) (resp. s(J)) denotes the sign of the permutation of the ele¬ 
ments of Xg \ {i} (resp. Xg \ {j}) that turns the set lUP (resp. J U J^) 
into an increasing ordered set. One then easily checks that the parity 
of the pairing is {/, h] = (—/}. 

In |Fre78j Freitag then proved that the holomorphic differential form 

(17) 

\ m m ) 

does not vanish identically when g = 1 (mod 8), for g > 17. We extend 
this result to = 9: 

Proposition 8. The vector-valued modular form does not vanish 
identically, and thus gives a non-zero differential form in 

Proof. Since the set of all dfj for 1 < i < j < g is a. basis of Q^~^{'Hg), 
it suffices to prove that at least one B{T)ij is not identically zero. 
By Freitag’s computation |Fre78i eg. 61], the Fourier coefficient of the 
pairing {/, h} with respect to a matrix T is given by 

(18) 

k = l Vfc-J 

Ti+T2=T 

where F = Xg_i \ I denotes the complement, and a/(Ti) and ah(T 2 ) 
are the Fourier coefficients of / and h corresponding to the matrices Ti 
and T 2 respectively. 

For our case this formula can be greatly simplihed. Indeed, we recall 
the result of Igusa |Igu81| that = 2^0^^^ We then choose 
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T := (^Q® q) , where (es is the matrix associated with the quadratic 
form corresponding to the Eg lattice, given in a suitable basis by 

20010000 \ 

02100000 \ 

01210000 
10121000 
00012100 
00001210 
00000121 / 

00000012 / 

By Kocher principle, the Fourier coefficients a/(S') or ah{S) with re¬ 
spect to a non-semidehnite positive matrix S are zero, and thus only 
the terms with even semidehnite positive Ti and T 2 produce non-zero 
summands in 0181) . Whenever the chosen T is written as T = Ti -|- T 2 
with Ti,T 2 positive semidehnite matrices, one of Tj must be zero. Fi¬ 
nally, recall that for g = 9 we have 

QEs{r)= ^ ^ 

xi,...,xgeAEg M i<j 

where, for M = {rriij) a symmetric g x g integer matrix, Nm G N 
is the number of integral matrix solutions of the Diophantine system 
pCesP^ = M. Setting M = T and writing p = {pi), where pi and p 2 
are respectively 8x8 and 1x8 integer matrices, it follows that for all 
solutions p 2 = 0, while pi satishes PiCesPi = Ces- 

The number of solutions of the previous equations equals the order 
of the group ^/(Css) of automorphisms of the Eg lattice, i.e. a(Cs8) = 
#{U{(es)) = 4!6!8!, see |CS99i page 121], Thus we hnally have = 
0 ^.( 9 )(T )99 = 4!6!8!, hence there is a non-empty set of summands in 
flTS]) . all of them positive, so it follows that A{T)Qg is non-zero. □ 

Remark 9. The argument above generalizes to give an alternative 
proof of Freitag’s result for any g = 8k + 1, for k > 1, using the 
modular form Qes{'^)’‘- 

We now recall another construction of holomorphic differentials forms, 
due to the hfth author [SM87] . For M = (mi,..., mg_i) a set of dis¬ 
tinct odd characteristics dehne 

F(mi,... ,mg_i)(r) := Umi(r) A ... A 

One can then use these wedge products of gradients of theta functions 
to construct further vector-valued modular forms. We set 

(20) W{M){t) := 7r“^^+^F(mi,..., mg_i)(r)* F(mi,... ,mg_i)(r) 



and then have 
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Proposition 10 ( |SM87] ). For g odd, for any matrix of distinct odd 
characteristics M = (mi,... ,mg_i) G M 2 gx(g-i)(J^ 2 ) 

uj{M){t) := Tr (iy(mi,..., mg_i)(r)cif) 

is a non-zero holomorphic differential form in 4)). If g is 

even, it is a non-zero holomorphic differential form in 12 ^“^ (^*( 2 ,4)) 

Remark 11. Symmetrizing the u{M) constructed above using the 
action of the entire modular group, differential forms for the entire 
modular group were obtained in |SM87j . thus showing that (.Ag) 
is non-zero for any g = 1 (mod 4), 7 ^ 1, 5,13. 

5. A NEW CONSTRUCTION OE DIEFERENTIAL FORMS 

Our hrst main theorem. Theorem [H gives an easy new method to 
construct non-zero holomorphic differential forms on Siegel modular 
varieties, using the modular forms A^s- We prove that it works, and 
then relate this new construction to the two constructions discussed 
above. 

Proof of theorem [1]. Recall that for hxed £, 5 the matrix can be 
written as 

A,s(t) := AniQ[5fd > 

and thus its entries are vector-valued modular forms for the represen¬ 
tation of highest weight (3,1,..., 1). 

We denote by Af\ the adjoint matrix — the transpose of the matrix 
of cofactors of A. This matrix is then clearly a vector-valued modular 
form Afl G [T, (^f -I- 1,..., -f 1,— 1)] with T = Tg{2, 4) for g odd, and 
T = r*(2,4) for g even, and thus Fi{A^'\df) dehnes a differential form 
of degree — 1 as claimed. It remains to prove that this differential 
form is not identically zero. Recalling that the product of a matrix and 
the matrix of its cofactors is the determinant times the identity matrix, 
if we prove that detA^^ is not identically zero, it would follows that 
Afl is not identically zero and thus that Tr(A“^ df) is not identically 
zero. The proof is thus completed by the following proposition. □ 

Proposition 12. The determinant detAe^ is a not identically zero 
scalar modular form of weight g -\-2. 

Proof. Since ©[e] and ©[<5] are different forms, there exist r such that 
0N(''‘) = 07 ^ 0['^](''') • We then denote Z := 2r, and work on the 
abelian variety Xz, where Ze/2 G ©z and Z5/2 ^ ©^ are thus two- 
torsion points. Since the characteristics are even, the point Ze/2 is 
then an even two-torsion point lying on © 2 , and thus is a singular 
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point of Qz- From [GSMOQ] it follows that generically the singularity 
of Qz at Ze/2 is an ordinary double point. This is equivalent, via the 
heat equations, to the matrix d6m{Z,0), with m = [e,0], having rank 
g. Moreover, we choose Z such that 9n{Z) ^ 0, with n = [5,0] and 
thus see that det A is not identically zero. □ 

We will now compare the different construction of modular forms. In 
Freitag’s construction, let us consider Freitag’s pairing when / and h 
are suitable powers of second order theta constants. For any e 7 ^ 5 G Ff 
let 

(21) I.,,j:={e|er‘,e[ir‘}, 

and then a simple computation on the characters shows that for g odd 
Ue 5 G G'^“^(v4,g(2, 4)), while for even we only get G 4)) 

for the quotient corresponding to the index two subgroup F*(2,4) C 

To relate this to the current construction, we hrst prove the following 
Proposition 13. For any e ^ 5 we have 

Afs(T)=F^\’ 

s.t. [eH-5, aj] odd 

where W is defined in (|20|) . 

Proof. We will need some basic facts from linear algebra. Let A and B 
be a m X n and a, n x m matrices respectively, then 

n 

( 22 ) AB = J2AB\ 

i=l 

where Ai is the i-th column of A and S® is the Tth row of B. For 
/, J G then the following holds: 

(23) {AB)^j = £Bj, 

where A^ is the submatrix obtained from A by taking rows correspond¬ 
ing to the elements of I and Bj is the submatrix obtained from B by 
taking columns corresponding to the elements of J. The last identity 
we need is the following generalization of the Binet formula: 

(24) det (AS) = det(A 5 ) det(S^). 

Notice that if m > n, P^(W„) is empty and the right side of the 
previous identity is zero, as should be the case, since the rank of AB 
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is bounded by the ranks of A and B. Defining the g x 2^ matrix 


oeF® 


whose columns are the gradients indexed by a G Ff, and the 

2^ X g matrix 




a J / 


relations (fTTj) and fl2^ imply: 

■^e,5 29~'^ ^+<5 ^+ 5 ' 

Hence, by a straightforward computation from fl23l) and fl2^ the propo¬ 
sition follows. □ 


We now compare our construction to that of Freitag, thus also linking 
the two previously known methods. 


Theorem 14. Fore ^ 6 denote by B^s the vector-valued modular form 
such that = TT{B^s{.T)df)■ Then we have 


(25) 


A 


ad _ 

eS 




BeS- 


We note that of course the above is an identity of vector-valued mod¬ 
ular forms, which also implies that the holomorphic differential forms 
constructed from them are equal in Q’^~^{Ag{2, 4)) and 4)) 

for g odd and even respectively. 

The proof of Theorem [H] relies on the following 


Lemma 15. Let I = J = he elements of 

Pf{Xg) with k <n. As a consequence of the heat equations, for every 
£ G Ff the second order theta constant ©[e] satisfies the relation 

\d^j \©[£]" = n{n-l)---{n-k + 1)©[£]'^-^ l(50[£])Sl- 


Remark 16. We emphasize that the left-hand-side of the lemma means 
the determinant of the matrix of partial derivatives, considered as a de¬ 
gree k differential operator, applied to the power of the theta constant, 
while the right-hand-side is a different power of the theta constant mul¬ 
tiplied by the determinant of the matrix of partial derivatives of the 
theta constants. When differentiating on the left, one would a priori 
expect terms involving higher order derivatives of the theta constant 
to appear, and the content of the lemma is that such cancel out. 
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Proof. The proof will be done by induction on k. Clearly, for k = 1 

2 ‘^ui >• j L j 2 ^ 

The hrst interesting case is fc = 2, where / = { 11 , 12 } and J = 

In this case we have 


\d^j\ = n{n - 1)0[£]’^-2 |(a0[£])5| + nQ[ef-Wd]\ 0[e]). 
From the heat equation it easily follows that for every £ G Ff 
(1 + = (1 + ^i2il)(l + 


hence 

(26) 


I^jI ©n = 


2 ^'^hh 2 

(l+(5i2ji) g (l+<5i2j2) a 

2 2 


0[£] = 0. 


2 

2 ^^i2l2 

Computing |9j| by the Laplace expansion along the hrst column for 
/c > 2, we have 

k 


|9teW“= (^(-i)'‘+'54j. 


h=l 


d 


JWh} 


A{h} 


©N” = 




1—k+l 


h=l 

= n 




n{n — 1) ■ ■ - {n — k + 2)0[e] 

(n - 1) ■ ■ • (n - fc + l)0[£]’^-'= |(a0[£])5| + 

k 

+ 1 )i + 2 )e[£]”-*+'|(8e[£])'\',5;', 

h=l 


The extra terms 
is proved. 


cancel out because of the heat equation, so the lemma 

□ 


We are now ready to prove the about theorem. 

Proof of theorem 1141 By [Wei831 lemma 4], to prove the identity 
of such vector-valued modular forms, it is enough to prove that, for 
example, the gg entries of the corresponding matrices agree. 

We hrst recall that the determinant of a matrix can be expanded in 
its block submatrices as follows: for an n x n matrix M, and for any 
hxed J G Pf{Xn), we have 

det(M)= 5^ (-1)'+-'.|M'|.|M':| 

leppxr^) 
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where on the right we take the determinants of the corresponding snb- 
matrices, and (—1)^ means (—-where I = {ii, ... ,ik}- Apply¬ 
ing this to gg-th entry of the cofactor matrix, we get 

9-1 

k=0 

■ (-ij'+'KaeW)',! ■ lUeM)?.!. 

i,JeP*{Xg_i) 

By Lemma [15] it follows that 

= (j - i)!|^(-i)*eH«-‘-'eii|‘. 

A:=0 

■ 5^ s(/)s(J)|(seW)'|. |(aeM)?.|. 

To complete the proof it is enough to check that s{I) s{J) = (— 

This can be easily verihed by induction on k noting that for I = {i} it 
holds that s{I) = (—1)*“^ since it is the sign of the permutation that 
turns the set {z, 1,..., i — 1, z -|- 1,..., — 1} into the set {1,..., — 

1}. □ 

Remark 17. In all of the constructions above instead of starting from 
Ass, one can perform the same construction starting from theta con¬ 
stants of arbitrary level or from two theta constants with characteristic. 
As a result one gets vector-valued modular forms for suitable subgroups 
which can be used to construct holomorphic differential forms on suit¬ 
able Siegel modular varieties. 
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